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The vehicle to be augmented is representative of a large, high-speed transport, with first fuselage aeroelastic mode
frequency at 6 rad/s, very close to the 2 rad/s short-period mode. An integrated flight and aeroelastic mode control
law is synthesized using a previously developed model-following synthesis approach. This technique, designed
to yield desired closed-loop rather than open-loop shapes, involves a specific linear quadratic regulator (LQR)
formulation leading to the model-following state feedback gains. Then the use of asymptotic loop transfer recovery
is utilized to obtain the compensation that recovers the LQR robustness properties and leads to an output feedback
control law. A conventionally designed control law is also developed for comparison purposes. The resulting closed-
loop systems are then evaluated in terms of their performance and multivariable stability robustness, measured in
terms of the appropriate singular values. This evaluation includes the use of approximate analytical expressions for
those singular values, expressed in terms of analytical expressions for the poles and zeros appearing in the vehicle
transfer function matrix. It is found that the control laws possess roughly equivalent performance and stability
robustness, and the characteristics limiting this robustness are traced to some specific loop gains and the frequency
and damping of the open-loop aeroelastic mode dipole. Furthermore, closed-form analytical expressions for these
characteristics are presented in terms of the stability derivatives of the vehicle. Insight from such an analysis would
be hard to obtain from a strictly numerical procedure.

Introduction

T HE supersonic and hypersonic capabilities of advanced
aerospace vehicles and the use of extremely light metallic or

composite materials in the vehicle structure can lead to vehicles
with significant dynamic coupling between the rigid-body and elas-
tic motions. References 1 and 2, for example, specifically address
this coupling at the earliest stage of system modeling and flight
control synthesis.

Augmentation of an aeroelastic vehicle's open-loop dynamics
via feedback is often necessary to provide sufficient levels of sta-
bility and performance (e.g., handling qualities). Feedback is used
to stabilize the attitude and/or aeroelastic responses (such as static
aerodynamic instability or flutter) or just augment damping. Cross-
feeds may also be used to improve the dynamic responses. Further,
the control law must ensure this stability and performance in the
presence of vehicle modeling errors (i.e., robustness). For aeroelas-
tic vehicle applications, modeling errors can arise from uncertainty
in the aerodynamic model and neglected high-frequency structural
modes, both leading to uncertainty in the pole/zero locations in the
vehicle transfer functions, for example. Such control objectives have
been noted in the literature.3"8

If possible, the vehicle model (used in control synthesis) should
aid in the understanding and thereby provide insight regarding the
vehicle physics, exposing key dynamic characteristics and their
causes. This can be achieved by developing analytical expressions
for the vehicle transfer functions (gains, zeros, and poles) in terms
of vehicle model parameters, such as stability and control deriva-
tives or vibrational characteristics, which have their genesis in the
fundamental vehicle geometric shape and structural layout.2'9"13
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Models of this type can be an extremely valuable tool in open-loop
or closed-loop design.

The control synthesis for an aeroelastic vehicle, and the analy-
sis thereof, specifically using an analytical model, is the subject of
this paper.14 An aeroelastic vehicle model is briefly presented and
deficiencies in the vehicle dynamics are noted. A new approach
to model-following control synthesis15 is briefly discussed and ap-
plied to the vehicle model. A conventional or classical control syn-
thesis approach is also considered for the purposes of comparison.
The resulting compensators and closed-loop systems are analyzed
with an analytical model to expose sources of system characteris-
tics that limit the closed-loop system stability robustness. It will be
shown, for example, that major among these critical characteris-
tics are the frequency and damping of the vehicle first aeroelastic
mode dipole, and closed-form expressions for these terms are pre-
sented as functions of the vehicle stability derivatives and vibrational
characteristics.

Vehicle Modeling for Feedback Synthesis
The configuration to be considered is a large, high-speed aircraft

of reasonably conventional geometry with a low-aspect-ratio swept
wing, conventional tail, and canard.2'10'11 Controlled inputs consist
of elevator deflection SE and canard (located near the cockpit) de-
flection 8C. The reference flight condition is level flight at Mach 0.6
and altitude 5000 ft.

The complete nonlinear modeling of this vehicle was the subject
of Ref. 2, and the development of low-order linear models for con-
trol synthesis was considered in Refs. 10 and 11. A fourth-order
state-space realization and the corresponding transfer functions for
this linear model are given in Tables 1 and 2. This model involves
the small-perturbation longitudinal dynamics of the closely spaced,
effective short-period and first aeroelastic modes. The responses of
interest are the rigid-body angle of attack a, rigid-body pitch rate
<?, and pitch rate q' measured at the cockpit. Here, rigid-body oc and
q are the angle of attack and pitch rate associated with the vehicle
mean axes. An approximate measurement of q can be obtained from
a rate gyro located at the antinode of the first elastic structural mode,
followed with low-pass filtering of the higher frequency structural
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Table 1 Elastic aircraft state-space model

jc(r) = Axd) + Bud)
yd) = Cxd)

[ a(rad) 1
f ^£ (rad) "Iq (rad/s) « =

,'(rad/s) J Uc(rad)J

20

"-0.517 3.85
-9.39 -0.318

0.0438 0.0164
.-0.0591 -0.0165

B =

'-292
-598

53.7
_-38.4

0.150 4.24 ~
-0.523 -4.67
-0.0128 -2.06

0.764 -0.986.
-182"
-424
-31.2

17.7.

[ 0.000480 -0.0000247 -0.0188 -0.0286"
0.00147 0.00170 -0.0264 0.0549

-0.0222 -0.0213 -0.0372 0.0687.

Table 2 Elastic aircraft transfer functions

a (5) -0.036(5 - 0.018 ± j4.9)(s + 150)
"" d&

- ~5'0^ + a36>(5 + 0.11 ± j4.9)
d(s)

15.(s + 0.040)(s - 2.9)(j + 4.0)

0.0044(5 + 1.8 ± j9.0) (s + 200)
d(i)

0.80(s+ 0.33) (5 + 1.:
d(s)

15.(5 + 0.056)(5 + 0.73 ± ;2.9)

d(s) = (5 + 0.47 ± j 1.2)(5 + 0.44 ± ;6.0)

(rad/rad)

(rad/s/rad)

(rad/s/rad)

(rad/rad)

(rad/s/rad)

(rad/s/rad)

dynamics. The effects of such filtering will not be specifically ad-
dressed, but it would add additional phase loss in the loops, which
is considered in the robustness analysis.

The fourth-order model was developed to accurately approximate
the appropriate frequency responses of a twelfth-order model in
the anticipated critical frequency range of 1-10 rad/s. Figures 1-
3 show some of the open-loop (vehicle-only) frequency responses
excited by the elevator. Note that the next significant unmodeled
aeroelastic mode lies just beyond the region of interest at 11 rad/s.
From Table 2 and Figs. 1-3, the major open-loop dynamic deficiency
is the level of damping of the short-period and aeroelastic modes.
Furthermore, the aeroelastic mode contributes significantly to the
vehicle's dynamic responses. Figures 1-3 also contain the closed-
loop frequency responses excited by the pilot stick input 5, a blend
of elevator and canard, the development of which is considered
next.

Classical Control Synthesis
A conventional design approach will be considered here, consist-

ing of sequential single-loop closures, using root loci, and relying
upon knowledge of the physics of the elastic aircraft for synthesis
strategy. Consider a 2 x 2 system from Table 2 with the following
notation:

(1)
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Fig. 1 Angle-of-attack frequency responses.
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First, the q'/8C loop is closed to improve the aeroelastic mode damp-
ing. Recall that q' and 8C correspond to a colocated sensor and
actuator pair near the cockpit. The control law 8C = 8'c —
yields

q =
#21 #22

(2)

The root locus for 1 + ̂ 22(^22/d), where n/; and d are the numerator
and denominator polynomials, respectively, of g/;, is shown in Fig. 4.
A gain of &22 = 0.05 rad/rad/s increases the aeroelastic mode damp-
ing by over 60% of the open-loop value.

An elevator-to-canard crossfeed is now introduced to reduce
aeroelastic mode excitation from the elevator. Interconnecting "up
canard" with "up elevator" will reduce aeroelastic mode deflections
from the elevator because the fuselage mode shape is similar to the
fundamental bending mode shape of a slender beam.2

The crossfeed 8'c = kc^E yields

gll g\2g2l) (3)

This can be simplified with the identity7

det[G] = det
\g2\

£12] =
g22]

gllg22 - g\2g2l = —— (4)a
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Fig. 2 Rigid-body pitch rate frequency responses.
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where G represents the plant transfer function matrix corresponding
to Eq. (1) and \ffc is the transmission zero polynomial corresponding
toG:

i/,G(s) = -89(5- + 0.08 l)(s- + 0.46)

Substitution of Eq. (4) into Eq. (3) yields

d -f

(5)

(6)

Observe from Eq. (6) that the crossfeed has the effect of
moving the zeros of the q/&£ transfer function (with the q'/8c
loop closed) from n\\ + k22^c to «12. The root locus for 1 +
kcf(n\2/(nn +^22^0)) is shown in Fig. 5. A gain of kcf = —1.5
rad/rad results in almost perfect pole-zero cancellation for the aeroe-
lastic dipole in the effective q/8E transfer function.

Finally, the effective q/8E 1°°P is closed to further improve the
short-period damping. The control law 8E — p8 ~ k\\q yields

p[gU 8 (7)

where p is the gain on the pilot input 8. The root locus for 1 -f
k\\((nn + k22^c + k c f n l 2 ) / ( d + £22^22)) is shown in Fig. 6, as well
as the final closed-loop pole locations for a gain of k\\ = —0.05
rad/rad/s. A value of p = 0.6 rad/rad was chosen to adjust the
closed-loop frequency response direct-current (DC) value to that of
the open-loop system excited by the elevator.

With some block-diagram manipulation, the closed-loop system
can be represented as in Fig. 7. Observe that pilot input results in

»
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Fig. 3 Cockpit pitch rate frequency responses.
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a blend of elevator and canard deflections. Table 3 contains the
effective closed-loop transfer functions corresponding to the pilot
command 5, whereas Figs. 1-3 show the corresponding frequency
responses for the augmented vehicle. Short-period damping has
improved from £sp = 0.36 (see Table 2) to £sp = 0.54 (a 50%
increase), whereas the first aeroelastic mode damping has improved
from ^ = 0.073 (see Table 2) to £fl = 0.12 (a 64% increase).
These improvements are apparent in the closed-loop frequency
responses.

Significant improvement in the rigid-body (a and q) frequency
response shapes is also achieved. Besides improved short-period
damping, the aeroelastic mode pole-zero "sawtooth" shapes located
near 6 rad/s in Figs. 1 and 2 are virtually eliminated when compared
to the corresponding open-loop behavior. This is a result of improved
closed-loop pole-zero cancellations (see Table 3), as desired in the
conventional control synthesis, or the aeroelastic mode has been
rendered undisturbable from pilot input.

Model-Following Control Synthesis
A newly developed technique for the synthesis of flight control

laws will now be outlined.15 Although linear quadratic regulator
(LQR) and loop transfer recovery (LTR) concepts are used in the
formulation of the algorithm, this approach is fundamentally differ-
ent from LQR/LTR methodology.4 LQR/LTR address the problem
of obtaining specified open-loop shapes, whereas the approach taken
here is to synthesize a control law that yields a desired closed-loop
shape.

The system to be controlled is represented as

x ( t ) = Ax(t) + Bu(t) y ( t ) = Hx(t) (8)
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-0.056 rad/s
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Fig. 4 Cockpit pitch-rate-to-canard root locus.

and the model of the desired dynamics to be followed is

xm(t) = Amxm(t) + Bm8(t)

ym(t) = Hmxm(t)

8(t) = -1005(0

where 8 represents the input from the pilot. The error vector

e(t) = y(t) - ym(t)

(9)

(10)

is constrained to be governed by stable, homogeneous dynamics

e(t) = -Ge(t) (11)

where G is to be selected in the synthesis process. The model-
following control law is obtained by solving the LQR problem with
the following objective function:

/

oo

[(ee + GefQ(e + Ge) + u1Ru] df (12)

If the product HB is square and invertible, and the same for
Hm, and if G is chosen as G — —HmAmH~l, then perfect model
following is achieved asymptotically as R in Eq. (12) approaches the
null matrix. If this is the case, then the closed-loop poles approach
both the desired model poles (for G as defined above) and any open-
loop plant finite transmission zeros (or their stable mirror image).15

The solution to this problem is the first step of the control law
synthesis, yielding the state-feedback control law

u = -Kx - K88 (13)

For the elastic aircraft model in Table 1, rigid-body angle of at-
tack and pitch rate a and q are selected as responses for model
following. This allows the handling characteristics to be augmented
more toward that of a rigid vehicle. Also, with this selection, the
open-loop plant transmission zeros are located at —23 and 35 s"1,
and HB is square and invertible. Note H consists of the first two
rows of C from Table 1.

The model of the desired dynamics is chosen to be

Qfm(s)

8(s)

-3.5

-3.3(5 + 0.36)
s+0.89 ±./0.91

(14)

which represents a well-damped short-period mode. With this selec-
tion, Hm is square and also invertible. Observe that the system to be
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Fig. 6 Rigid-body pitch-rate-to-elevator root locus.

controlled is fourth order, whereas the desired dynamics are second
order. Therefore, as R in Eq. (12) asymptotically approaches the null
matrix, the short-period poles will approach those of the model, and
the aeroelastic mode poles will move toward the plant transmission
zeros (or their stable mirror images, i.e., —23 and —35 s"1). Further,
the a and q time and frequency responses will be shaped to better
approximate those of a rigid vehicle. Figure 8 shows this closed-loop
pole loci behavior as the scalar parameter p is decreased with

s2/rad2 0 1'
0 Is4/rad2j

n [1 rad~2 0 1
0 lrad-2J

(15)

A value of p = 70 increases the short-period and aeroelastic mode
damping by over 20% and 60%, respectively.

With the state-feedback gains K and Ks so determined, com-
pensators will now be synthesized using the loop transfer recovery
procedure,4 which will then yield an output feedback loop structure
rather than a state-feedback structure. Although the a. and q re-
sponses were used in the model-following step, they are not the
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Fig. 7 Classically designed closed-loop system.

Table 3 Closed-loop transfer functions

q'(s}
" ~

0(5)

Classical synthesis

_____+ 0.70 ±j5.9)(s + 160)
d(s)

-3.7(5 + 0.35)(s + 0.71 ± 7'5.9)
500

-5.1(5 + 0.049)(5 + 1.0 ± 76.6)

(5 + 0.70 ± j l.l)(s + 0.75 ± 7*6.0)

Model-following synthesis

-0.0062(5 + 0.22 ± JS.IXJ + 150)
d(s)

-0.87(5 + 0.36)(j + 0.34 ± 7*5.1)

(rad/rad)

(rad/s/rad)

(rad/s/rad)

q'(s} _ 2.0(5 + 0.042)(5 - + 4.5)

= (s + 0.56 ± ; l.l)(s + 0.73 ±75.8)

(rad/rad)

(rad/s/rad)

(rad/s/rad)

measurements to be used for feedback. The feedback measurements
are the same as used for the conventional design, q' and q. This se-
lection leads to minimum-phase plant transmission zeros for the
asymptotic loop transfer recovery algorithm, located at —0.081 and
-0.46s-1.

Figure 9 shows the resulting feedback compensators, prefilter
stick gains, and closed-loop structure after the loop transfer recovery
procedure is completed, and some straightforward pole-zero cancel-
lations are performed on the compensators. Note the compensators
consist of relatively simple lead-lag and lag-lead filters of second
order. Table 3 contains the effective closed-loop transfer functions
corresponding to the pilot command 5, whereas Figs. 1-3 show the
corresponding frequency responses. Short-period damping has im-
proved from fsp = 0.36 to fsp = 0.45 (25% increase), whereas the
first aeroelastic mode damping has improved from f^ =0.073 to
?/! = 0.12 (64% increase).

These improvements are also apparent in the closed-loop fre-
quency responses. Besides improved short-period damping, the
aeroelastic mode pole-zero sawtooth located near 6 rad/s in the
angle-of-attack and pitch rate responses in Figs. 1 and 2 is reduced
by roughly 10 dB when compared to the corresponding open-loop
response. This is a result of improved closed-loop pole-zero can-
cellations (see Table 3), as desired in the model-following control
synthesis (i.e., follow a rigid-body model). Note from Table 3 that
the pole-zero cancellation here is not as precise as for the classical
design. However, the model-following design may be fine tuned by
considering nonequal relative weightings between a and q, or 5^
andSc,inEq. (15).

The two candidate control laws augment the aeroelastic effects
by increased damping and improved mode cancellation. Only the
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Fig. 8 Closed-loop pole loci with parameter p.

former is effective when responses due to gust disturbances are of
interest. If the present damping is not sufficient for acceptable gust
response, then it will be necessary to increase the control law band-
width by trading off some of the robustness margin to be discussed
next.

Robustness Analysis
Now consider the generic feedback loop structure in Fig. 10,

which is a generalization of the closed-loop systems in Figs. 7 and
9, with response vector v, control inputs w, commands yc, and plant,
compensator, and prefilter transfer function matrices G(s), K(s),
and P(s), respectively. The feedback compensation in Fig. 10 is
assumed to be synthesized with a design model G(s), but the "true"
plant transfer function is taken to be G'(s).

Specifically, consider equal generic phase loss in each input chan-
nel to the plant, or

This phase loss can represent, for example, unmodeled high-
frequency dynamics originating from structural modes, actuators,
sensors, structural filtering, computational delay, etc. Rewriting
G'(s) as

G'(s) = E(s)} (17)

it can be shown that

E(s) = (*-" - 1)7 (18)

where E(s) is the so-called plant input multiplicative error.4
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0.013(s+0.34)(s-9.1)
(s+0.081)(s+0.46)

Fig. 9 Model-following-designed closed-loop system.

Fig. 10 Generic multivariable closed-loop system.

If the nominal closed-loop system is stable and the required num-
ber of encirclements of the critical point in Nyquist stability theory
is the same for both nominal and true systems, then a sufficient
condition guaranteeing closed-loop stability under £"(5) is4

0 < a) < oo (19)

Here, g_ and a denote the minimum and maximum singular values,
respectively. The "largest" value of E(jco) for which Eq. (19) is sat-
isfied gives a conservative indication of the system's multivariable
stability robustness margin.

Figure 11 indicates the stability robustness of the classically de-
signed closed-loop system, with the effect of multiplicative error
due to generic phase loss in each input channel displayed as well.
Note from Fig. 11 that the characteristic limiting the stability ro-
bustness is the dip in g_[I + [KG}~1 ] near 6 rad/s. In fact, the phase
loss allowed using this criterion is limited to T < 0.3 s. Figure 12
indicates the stability robustness properties of the model-following
design, again with the effect of generic phase loss displayed. Note
again a similar characteristic limiting the robustness of this feedback
system. Here the allowable phase loss is r < 0.35 s, only slightly
better than the previous result.

The question now turns to the genesis of this limiting charac-
teristic. It is rather clear to correlate the limiting robustness char-
acteristic in Figs. 11 and 12 with the augmented first aeroelastic
mode in Table 3, since both occur at roughly 6 rad/s and structural
modes limit robustness in precisely this manner. Therefore, any im-
provement in the damping of this mode should reduce this limiting
characteristic. Beyond these general statements, very little definitive
information is available concerning how the dominant aeroelastic
mode parameters contribute to this characteristic, how the nearby
short-period mode influences the situation, how the control system
gains enter the problem, how the properties change with flight con-
dition, how the sensor locations affect the characteristics, etc.

Insight into these issues is relevant to the flight control engineer,
and to address them, an analytical analysis, similar to that presented
in Ref. 13, is considered. Analytical expressions for or[7 + [KG}~1]
in terms of the closed-loop and open-loop properties exhibited by
KG will be developed. Further, analytical expressions for the vehi-
cle transfer function poles and zeros in Table 2 and available from
Refs. 10 and 11 will be used in the analysis.

a [E] (generic phase loss, T = 0.3 s)
10-2

Frequency (rad/s)

Fig. 11 Classical design stability robustness analysis.

a [E] (generic phase loss, T = 0.35 s)
-30

10-2 10-1 100 101

Frequency (rad/s)

Fig. 12 Model-following design stability robustness analysis.
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With reference to Fig. 10, consider a 2 x 2 closed-loop system
with

r~i » 1 r nfei M2 . £n £12K(yo)) = G(ycL>) =
[fel fe2j [_g2l £22 J

= f

[

ail

021 022

(20)

where

an = 1 +fel #12 + &22g22

fe2#2i (21)

k\\gn

A = det[KG] = [knk22 - fe2fei][gng22 - gi2g2il

The minimum and maximum singular values of / + {KG}~1 are
given as

(22)
] - A1/2[(7

a[I + {KG}'1] = Al/2[(7 + [KG}-l)(I + {KG}'1)*]

where A. and A. denote the minimum and maximum eigenvalues,
respectively. Here, A. and A solve

det[A/ - (/ 4- [KG}-l)(I + {KG}'1)*]

= A2 - (A + A)A + AA

where

AA = |0nfl22 -01202112

If A <3C A, then, from Eq. (24), A is approximately given as

:22 -«12«2112

or

OJ7-HKG}-1]:

(23)

(24)

(25)

(26)

Frorninspection of Figs. 11 and 12, it can be seen that the condition
A <$C A (or q_ <£ a) is reasonably satisfied.

Substitution of Eq. (21) into the numerator and denominator of
Eq. (26) yields

1011022 -

J_

A felg!2 A|

(27)

(Ifelgl2 |feigi2

A|2)

A

H- Ifelgll + fe2#2l|2 + I fe lgl l

These can be further simplified with the following observation7:

1 + felgll + fe2#21 + felg!2 + k22g22 + A

= det [/ + KG] - — (28)

A = det [KG] =
0ol

where 0cl and 00i denote the system's closed-loop and open-loop
characteristic polynomials, respectively, and \/fK and \[rG are the
compensator and plant transmission zero polynomials, respectively.
With the notation

(29)
0ol

where nkij and ngpq denote the numerator polynomials of fc/y- and
gpq, respectively, substitution of Eqs. (27) and (28) into Eq. (26)
yields the following analytical expression for a[7 + {KG}"1]:

(30)

where

(31)

ft 11 — nk2\ng\2

n\2 = nknngn +nkl2ng22

n2\ = nk2lngu +nk22ng2l

n22 = nknngn + nknng2l + ^K^G

Observe that the "zeros" of g_[I + {KG}"1] are nothing more
than the closed-loop poles, whereas the "poles" of g_[I + {KG}"1]
depend on the plant and compensator transfer function zeros as well
as their transmission zeros. This result was first noted in Ref. 13,
but the transmission zero polynomials T/^ and tyG were related to
the so-called coupling numerators.5

Now consider the classically designed closed-loop system shown
in Fig. 7. Here

fei = nkll = 8E/q

kn = nkl2 = 0

fei = w*21 = 8c/q

k22 = nk22 = 8c/qf

\ISK = k\\k22 — k\2k2\
(32)

gn = q(s)/8c(s)

= -89(5 + 0.081) (s + 0.46)

with gij available from Table 2 and fc/; available from Fig. 7. Sub-
stitution of the above quantities into Eq. (30) yields

\(ja) + 0.70 ± jf l. 0.75 ± ;6.
0.94|(./a> + 0.22 .1 ± j3.8

(33)

It is evident from Eq. (33) that the augmented first aeroelastic mode
poles, denoted

37

= s + 0.75 ± j'6.0 (34)

and their low damping are directly responsible for the previously
discussed critical stability robustness feature near 6 rad/s in Fig. 11.

From the classical design and Fig. 4, these poles are primarily a
function of the q'/8c loop closure. With increasing q'/8c root locus
gain k22, these augmented aeroelastic mode poles originate from
their open-loop locations

s2 + (2£co)fls + (co2)h = s2 + 0.885 + 36

= s + 0.44 ± 76.0 (35)
and migrate toward their corresponding aeroelastic mode zeros in
the q'/8c transfer function (see Table 2), denoted as

1.55 + 8.9

= 5 + 0.73 ± ./2.9 (36)
yielding essentially the closed-loop locations in Eq. (34) for the
selected value of fe2.
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From Refs. 10 and 11, the open-loop natural frequency and damp-
ing terms of the aeroelastic mode poles and zeros in Eqs. (35) and
(36) are approximately given by

= 35 + 2.0 (37)

= 0.62 + 0.35

fi(co2) c, & —l-—•>1V '<r A/f

(38)

= 2.0 - (-6.5)

= 0.82 - (-0.67)

with the following numerical values:

— = -0.416 s'1

—— = -0.00267 s'1
VTl

Mq = -0.830 s-1

MK = -0.00390 s-1

Fia = -1,040. s~2

Fl8c = -631. s-2

(2Cift>i - FiAl) = 0.621 s"1

Ma = -3.33 s-2

Mm = -0.0655 s-2

MSc = 0.809 s~2

Flq = -78.4 s-1

(^2 _ p ^ _ ^^ g s-2

4>((x) = 0.0210 ft/ft
(39)

The above parameters are the total flight velocity V^, rigid-body
and aeroelastic aerodynamic stability and control derivatives Z,, Af/,
and F/7, first in vacuo elastic mode slope 0'j (;c) at the sensor loca-
tion *, vibration frequency u>\, and damping ratio f i. These vehicle
parameters appear explicitly in the linear equations of motion for
the elastic aircraft10'11 listed below:

q = Maa + M^ + M,! 771 + M^ rji + Af ̂  + MSc8c (40)

q = q -4>(x)rii

As seen from Eq. (37), the frequency of the open-loop aeroelastic
mode poles is primarily due to the elastic mode structural frequency
and aerodynamic stiffness (i.e., co\ — Fim). Also, the inherent low
damping in this mode is primarily due to the elastic mode structural
and aerodynamic damping (i.e., 2t;\a)\ — FI^). However, note also

that approximately one-third of the total damping is due to aerody-
namic coupling between the short-period and aeroelastic degrees of
freedom. It is now clear which key vehicle and compensator param-
eters contribute to the critical stability robustness properties of this
closed-loop system.

Now consider the model-following design closed-loop system
shown in Fig. 9. Here

gn=q(s)/8E(s)

(41)k2l=8c(s)/q(S)

= -89(5 + 0.081) (s + 0.46)

i^K(s) = -0.00091(5 + 0.060)(,s + 0.35 ± J0.2l)(s - 1.9)

with gij available from Table 2 and ktj available from Fig. 9. Sub-
stitution of the above quantities into Eq. (30) yields

\(jco + 0.56 ± jl.l)(ja> + 0.73 ± ;5.8)|
0.66|0'ft) + 0.83 ± jf 1. .6) |

(42)

It is evident from Eq. (42) that again the augmented first aeroelastic
mode poles

= s + 0.73 ±./5.8 (43)

and their low damping are directly responsible for the critical sta-
bility robustness feature near 6 rad/s in Fig. 12. From the model-
following design and Fig. 8, these poles originate at their open-loop
location and migrate toward the plant transmission zeros (or their
stable mirror image) defined through the model-following formula-
tion as the control weighting in the loss function is reduced (or the
loop gains are increased). Although literal approximations for these
transmission zeros are unavailable, the expressions for the open-
loop aeroelastic poles in Eq. (37) again reveal the major source of
the critical stability robustness characteristics.

Conclusions
Two different strategies for designing integrated flight and aeroe-

lastic mode control laws have been successfully exercised. Both
conventional and model-following-based techniques lead to closed-
loop systems with roughly equivalent performance and stability ro-
bustness characteristics. However, the internal structure of the two
control laws differ by having extra feedback channels present, hav-
ing individual prefilter weights reversed, and having feedback chan-
nel sign differences. More important than these similarities and dif-
ferences, both techniques allow the flight control designer to "see"
how the control law augments the vehicle dynamics through the
graphical root locus and to understand why the root loci are shaped
a particular way via the "physics" for the conventional approach
and via selection of the desired dynamics and followed responses
for the model-following approach.

A numerical stability robustness analysis indicates that both
closed-loop systems are limited by the damping of the augmented
aeroelastic mode, and any improvement in this damping should
lessen the constraint. Beyond this, however, very little additional,
definitive results can be drawn from the numerical analysis. An an-
alytical stability robustness analysis goes beyond this by offering
insight concerning how the dominant aeroelastic mode parameters
contribute to this characteristic, how the nearby short-period mode
influences the situation, how the control system gains enter the prob-
lem, how the properties change with flight condition, how the sensor
locations affect the characteristics, etc. This additional insight can be
invaluable to the flight control engineer and would be more difficult
to obtain from a strictly numerical analysis.
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